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The paper presents a mathematical model of the system for automatic water level control in a hydraulic
pressure tank of an irrigation system. The object of control is the water level, which changes as a result of the
supply of liquid by a centrifugal pump. The system is implemented according to the feedback principle, which
uses an ultrasonic level gauge as a measuring element, an electric actuator of the pump and a proportional-
integral controller for correcting the control signal. To simplify the analysis of dynamics, the system is
linearized in the vicinity of the operating point, which corresponds to a stable operating mode, and is presented
in the form of transfer functions of individual links. The transfer function of the control object describes the
inertial properties of the change in the liquid level in the tank.

Based on the constructed mathematical model, an analysis of the dynamic characteristics of the system
was performed, in particular, transient processes and root trajectories were investigated at different values of
the controller gain coefficient Kp. The range of its change was taken from 0 to 8 with an increase step of 0.1.
The simulation results showed that at small values of Kp < 0.2 the system reacts slowly, demonstrating an
aperiodic but prolonged nature of water level establishment. In the range of Kp =0.6...2 the transient
characteristic takes on an optimal form - the system reaches the set level without significant fluctuations,
providing a compromise between speed and stability. Further increase of Kp > 2.5 leads to a decrease in the
transient process time, however, the system acquires an oscillatory character with possible overregulation. At
Kp > 7.0 there is a risk of loss of stability, which is confirmed by the location of the roots in close proximity
to the imaginary axis.

Grapbhical analysis of transient characteristics confirmed that an increase in the Kp coefficient reduces
the system establishment time, but at the same time increases the amplitude of oscillations. The constructed
response time curves and root trajectories allow us to quantitatively assess the stability limits and the influence
of the controller parameters on the quality of the regulation process. The results obtained indicate that the use
of a PI controller provides effective stabilization of the water level, reduces the static error and increases the
reliability of the pumping unit.

The developed methodology can be used to optimize the settings of automatic control systems in
hydraulic and irrigation systems, as well as for the further synthesis of controllers with improved dynamic
properties.

Key words: water level, mathematical modeling, hydraulic pressure tank, pump, transient response,
stability, proportional-integral controller.

Eq. 8. Fig. 3. Ref. 20.

1. Problem formulation

Modern water management, especially in the field of irrigation, faces a dual challenge: the need to
overcome the consequences of climate change and increase food security [1]. The introduction of automation
is a strategic step that transforms traditional and energy-intensive systems into energy-efficient ones. Pilot
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projects and reforms are already being implemented in Ukraine that directly encourage the use of energy-
efficient equipment and digital tools for water resources management, the purpose of which is to increase
sustainability and reduce operating costs [7]. Among the numerous technical and technological approaches to
ensuring the economical use of water resources, the following can be distinguished: precision irrigation [10,
8, 13], automation and digitalization of water supply processes [1, 5], remote monitoring of water supply and
water use in irrigation systems [18, 15], increasing the energy efficiency of water supply equipment [19, 2],
minimizing water losses during storage in open reservoirs [17, 16].

2. Analysis of recent research and publications

The regulatory framework of Ukraine, in particular the State Building Standards (DBN) V.2.5-
74:2013, establishes clear requirements for the automation of water supply systems and the design of external
networks [20]. In all reservoirs and tanks, regardless of their purpose, it is mandatory to provide for the
measurement of water levels and their control. This information is used for automation systems or for
transmitting signals to a pumping station or a central control point [20].

According to these standards, several critical water levels are subject to control, each of which has its
own functional purpose: the level of the intact fire volume, the level of the emergency volume and the
minimum level required for trouble-free operation of pumping units [20]. In addition, the DBN requires that
pumping stations and installations have automation of auxiliary processes, such as washing of rotating screens
(by time or level difference), pumping out drainage water, as well as electric heating and ventilation systems
[20].

Therefore, automation of water level maintenance processes is one of the key tasks in modern irrigation
and water supply systems [3,9]. The efficiency of water resources use, energy efficiency, and reliability of
pumping equipment depend on the accuracy and stability of the regulation system [6, 11, 14].

3. The purpose of the article

The purpose of the research is the development of a mathematical model of a system for automatic
water level control in a water tank, as well as the study of its stability based on the analysis of dynamic
characteristics.

Research objectives:

— develop a mathematical model of a system for automatic water level control in a water tank, taking
into account the dynamics of the pump and hydraulic parameters of the irrigation system.

— obtain the transfer function of the system and determine the main dynamic characteristics of the
control object.

— to investigate the stability of the system under different operating modes.

4. Results and discussion

The research involves the use of analytical methods for describing hydraulic processes underlying
changes in the water level in a water tank, and key theoretical principles of the theory of automatic control.
The mathematical model of the automatic control system is built on the basis of the equation of the balance of
fluid consumption, taking into account the characteristics of the pump and tank.

To simplify the analysis of dynamic properties, the system was linearized around the operating point.
The operating point corresponds to the steady state operation of the system, in which the water level, pump
flow rate, and drain flow rate remain constant. In this mode, all model variables are considered as the sum of
constant values and small deviations from them.

As a result, nonlinear relationships describing hydraulic processes (e.g., orifice flow or pump
characteristics) are replaced by first-order linear approximations obtained by Taylor series expansion near the
operating point. In this case, products of small deviations are discarded as insignificant.

This approach allows us to represent the system in a linear form, which makes it possible to further
apply the methods of automatic control theory for stability and dynamics analysis. As a result, the linearized
system is presented in the form of transfer functions that describe the relationship between the water level
deviation and the control signal to the pump.

The stability study was conducted using the Hurwitz criterion and the frequency response method.
System dynamics modeling and transient evaluation were performed in the Control System software
environment, which made it possible to determine the influence of the controller parameters on the quality of
water level regulation.
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The system for automatic water level control in a hydraulic pressure tank consists of the following
components: a hydraulic pressure tank of a certain volume, a centrifugal pump, an ultrasonic level gauge, a
level regulator, and an electronic pump drive control device.

The system automatically maintains a constant water level in the hydraulic pressure tank, from which
water is supplied for irrigation.

Physically, the control process is based on the balance of water inflow and outflow.

Water enters the tank through a centrifugal pump, which lifts it from an open reservoir to the height of
the hydraulic pressure tank, creating a flow under the action of the pump pressure.

The volume of water in the tank changes according to the difference between the pump flow rate Qin
and expense Qout.

When the water level in the tank drops, the ultrasonic level sensor detects the decrease in distance to
the liquid surface, and the control system increases the pump power. This leads to an increase in flow until the
inflow equals the outflow.

Otherwise, the system reduces the pump speed, reducing the flow.

Thus, due to hydrostatic balance and dynamic flow control, the system automatically maintains a
constant water level necessary for the stable operation of the irrigation network.

From the point of view of the provisions of the theory of automatic control, the proposed system is a
closed system with negative feedback (Fig. 1). The feedback signal associated with the current value of the
water level h(t) in the tank, is formed by a measuring element - an ultrasonic level gauge. This signal is
compared with the set level value hin and the control error is determined d(t) = hin - h(t), on the basis of which
the level controller, setting the control algorithm, forms the control effect u(t) afor an electronic device for
controlling the pump drive. Depending on the characteristics of the pump electric drive, the electronic device
forms the output electrical power parameters to regulate the pump volumetric flow rate Qin(t).

T ()ullt(t)

hin(L) B _
o(t) PI- u(t) Qin(1) | h(t
Pump » Reservolr

A 4

controller

-h(t)

Level
sensor

Fig. 1. Block diagram of the automatic water level control system in a hydraulic pressure tank

Thus, the system automatically maintains the water level in the tank at a given level, compensating for
disturbances caused by changes in irrigation water flow.
The fundamental equation of the mathematical model is the equation of the balance of the amount of
water when entering and emptying the reservoir:
dh
I:E:Qin (t)_Qout (t)' (1)
dh
where F —cross-sectional area of the tank; at instantaneous rate of change of the water level function
relative to the independent variable time t; Qin(t) — pump feed; Qou(t) — water consumption by consumers.
The flow rate of water from a tank depends on certain physical and hydraulic factors, including the
hydrostatic head in the tank, the hydraulic resistance of the consumer system, the area of the outlet or guide
pipe, and the dynamic conditions in the tank itself.
For the case of water leaking through the outlet of the tank near its bottom, the water flow rate can be

determined:
Qu (t) =CyF,y/20h(1), (2)

where Cq4 — consumption coefficient, F, — cross-sectional area of the outlet, g — acceleration of free
fall.

The amount of water supply to the tank is determined by the pump performance, which in a first
approximation can be expressed as follows:
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Q. (t)=k,u(t), (3)
where k, — pump transmission ratio, proportional to the pump impeller speed or control signal.

To simplify the analysis of the stability of the system, the study of its time characteristics, and the
development of the controller operation algorithm, the system is linearized in the vicinity of the operating
point, which corresponds to the stable mode of its operation.

After linearization, the balance equation (1) takes the form:

d(Ah)

— Cd Fog
where " [2gh, — flow rate after linearization.

After applying the Laplace transform, the transfer function of the hydraulic pressure tank as a control
object takes the form:

W(s)-s)__ 1
Qu(s) Fs+K, (5)

The formed transfer function corresponds to the transfer function of an aperiodic first-order link.

The formed transfer function describes only the control object — the process of changing the water
level in the tank under the influence of water supply to the tank. The transfer functions of the pump and the
level gauge are not taken into account at this stage, since their dynamics are much faster compared to the inertia
of the object itself. The pump in the model is considered as an ideal flow source, and the level gauge is
considered as an inertialess measuring element that does not affect the shape of the transient process. This
approach allows you to simplify the analytical description of the system and focus on the study of the main
dynamic properties of the tank as a controlled object.

A proportional-integral controller (P1 controller) was chosen as the controller because it combines the
advantages of two components — proportional and integral. The proportional part ensures a fast response of the
system to level deviations, reducing transients, while the integral component eliminates the static error inherent
in systems with purely proportional control [12].

The transfer function of the PI controller is described by the equation:

1
W, (s)=K, [“ﬂj’ ©

I
where K, — gain coefficient; T; — continuous integration.
Taking into account the transfer functions of the reservoir and the regulator, the transfer function of
the closed-loop control system as a whole is described by the expression:

W (e W, (s)W(s) K,(Ts+1)
syS( )_1+WP(S)W(S)_TiFSZ +(TiKh+FKp)S+Kp' (7)

Using the obtained transfer function of the automatic water level control system, it is possible to
analyze its dynamic properties, in particular, to determine the system's resistance to external influences.

To assess the dynamic properties and determine the stability of the system, it would be advisable to
conduct simulations in the time and plane domains using the root-path method and the construction of transient
time characteristics. In this case, the analysis is carried out for several combinations of the gain pair K, and
continuous integration 7;, which correspond to different PI controller setup options.

The root trajectory method is used to estimate the change in the location of the poles of a closed-loop
system when the gain is changed. K.

To construct the root trajectories, a second-order characteristic equation is used according to the
transfer function Weys(S):

T,Fs’ +(T,K, + FK, )s+ K, =0 8)
According to the Hurwitz criterion, for second-order systems, the stability condition is formed from
the inequalities:
F>0,K,>0,(FK,+TK,)>0
Based on the above inequalities, it can be stated that for positive valﬂes K, the system is stable.

To determine the nature of the influence of the gain coefficient K, Calculations were made on the
dynamic properties of the system for its various values with fixed parameters. Ti = 12, F = 5 m? and K, = 0,5.
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The results (Fig. 2) showed that with the increase K, the system poles gradually shift to the left along
the real axis, which indicates an increase in the system speed and a decrease in the transition time. In the range
K, = 0,3-6,7 acquire a complex-conjugate form, which corresponds to the oscillatory nature of the transient
process with moderate damping. At small values of K, < 0,2 the system is characterized by an aperiodic but
slow response, while at excessively large values K, > 7 cthe system returns to aperiodic behavior, but may lose
stability or undergo significant down-regulation. Optimal range K, =0.6...2.0 provides a compromise between
system performance and stability.
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Fig. 2. Root trajectories of the automatic water level control system when changing the gain
coefficient K, = 0...8 (T; =12 s)

To confirm the assumptions made, the transient characteristics of the system under a single stepwise
influence were calculated and constructed (Fig. 3).

The results obtained show that when K, = 0,4 the system has a slow but aperiodic transient process
with a stabilization time of more than 100 s. When set K, = 0,8 there is a moderate acceleration of the process
without a significant increase in overshoot. Increase K, to 2,0 and 7; = 6 s with the system has the fastest
speed, but there is a slight fluctuation of the level near the steady value.

Therefore, increasing the gain K, accelerates the system response, but may reduce the stability margin.
Optimal settings are achieved at a ratio of parameters at which the system has an aperiodic response shape
with minimal settling time.

A comparative analysis of the transient characteristics showed that the system remains stable at any
controller parameters, but its dynamic properties significantly depend on the gain.
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Fig. 3. Transient characteristics of the system
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The proposed research methods demonstrated the influence of the gain coefficient K, on system
performance, integration time 7; on oscillation and overshoot values. At the same time, finding a compromise
between the regulator settings will ensure a compromise between accuracy, speed and stability.

Thus, the analysis of root trajectories and transient characteristics made it possible to confirm the
adequacy of the mathematical model and evaluate the dynamic behavior of the automatic water level control
system in the hydraulic pressure tank.

5. Conclusion

As a result of the research, a mathematical model of the automatic water level control system in a
hydraulic pressure tank using a Pl controller was developed and analyzed. The obtained transfer function of
the control object allowed us to describe the main dynamic properties of the system as an aperiodic link of the
first order, which adequately reflects the process of changing the water level under the influence of the pump
supply. The linearization of the balance equation in a steady state provided the possibility of applying the
methods of the theory of automatic control for further analysis of stability and transient processes.

Analysis of root trajectories and transient characteristics showed that the system remains stable over a
wide range of PI controller parameters, and its dynamic behavior significantly depends on the gain and
integration constant. With increasing gain, the speed increases, but the stability margin decreases and the
probability of an oscillatory response increases. Optimal tuning of the controller parameters allows achieving
an aperiodic process with minimal settling time and no static error.

Further research should be directed towards the development of adaptive control algorithms capable
of automatically changing the controller parameters depending on the operating conditions of the irrigation
system. It is also promising to take into account the nonlinear characteristics of the pump, pressure losses in
the pipelines, and the introduction of predictive control methods to increase the energy efficiency and
reliability of the automatic water level control system in the hydraulic pressure tank.
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MATEMATUYHA MOJEJIb CUCTEMU ABTOMATUYHOT' O KEPYBAHHS PIBHEM BOU
I'TAPOHAIIIPHOI'O PESEPBYAPY CUCTEMM 3POILLIEHHSA

Y pobomi npedcmasnerno mamemamuuny mMooeib CUCeMu A8MOMAMULHO20 Pe2y08AHHS PIGHS 800U
6 2IOpoHanipuomy pesepgyapi 3poutyganvioi cucmemu. Q0 €Kmom pe2ynoganHs UCMYNAE pidetb 600U, SIKULL
SMIHIOEMbCSL 6HACAIOOK nodawi piounu eioyenmposum Hacocom. Cucmema peanizoéana 3a NPUHYUNOM
360POMHO20 38 A3KY, V CKIAOI AKOI BUKOPUCHAHO VIbMPA3E8YKOGULL DI6HEMID K SUMIPIOBAIbHUL eleMenm,
BUKOHABUULL eNeKMmPONpU80d HACOCA MA NPONOPYIUHO-IHMESPATbHULL pe2yasimop Ol KOPeKyii CUSHATy
Kepysanua. [{na cnpowjenHs auanizy OUHAMIKU cCUcCmema NiHeapu308aHa 6 OKONi pobovoi mouKu, wo
8i0N0GI0AE cmManomy pejicumy pobomu, i npedcmagiena y sueisioi nepeoamodnux QYHKYil OKpemux JaHoK.
Ilepedamouna pynxyis 06’ exkma pe2ynro8antsa onucye inepyitini 61acmu8oCmi 3MIiHU PiGHSA PIOUHU 8 EMHOCHI.

Ha ocnosi nobyoosanoi mamemamuynoi mooeni GUKOHAHO AHANI3 OUHAMIYHUX XAPAKMEPUCTUK
cucmemu, 30Kpema OOCHIONCEHO HepexiOHi npoyecu ma KOpeHesi MPAEKMOpii npu pI3HUX 3HAYEHHSX
Koegiyicnma niocunennsn pezynamopa Kp. Hianazon tioco 3minu 6ye npuiinamuii 6i0 0 do 8 3 kpoxom
spocmanna 0,1. Pezynemamu moodentoganusa noxkazanu, wo npu manux 3uavennax Kp < 0.2 cucmema peacye
NOBLILHO, 0EMOHCMPYIOUU ANEePioOUdHUL, alle 3AMANCHUL XapaKkmep 6CIMAHOBIEHHs. PieHA 600uU. Y diana3oHi
Kp =0.6...2 nepexiona xapaxmepucmuxa Haby8ae onmumMaibHO20 8uenady — cucmema 00csa2ae 3a0aHo20
pieHs Oe3 CYymmeESUx KOMUBAHb, 3a0e3neuyiowu KOMRPOMIC Mixc weuokoodiclo ma cmiikicmio. Ilodanvue
s0inbuenns Kp > 2.5 npuzeooums 00 3MeHWeHHs Yacy nepexionozo npoyecy, 0OHAK cucmema Hadysae
KOIUBATIbHO20 Xapaxkmepy 3 Moxcaueum nepepezymoeannsim. Ilpu Kp > 7.0 cnocmepicaembcs puzux émpamu
cmitikocmi, Wo niomeepoNCyEMbCs PO3IMAULYBAHHAM KOPEHI8 )y be3nocepedHitl OnuzbKkocmi 00 YS8HOT OCi.

I'pagpiunuil ananiz nepexionux xapaxmepucmuk niomeepous, wo 360invuienns koegiyienma Kp
3MEHULYE 4ac 6CIMAHOBAEHHS CUCEMU, dle 800HOYAC 30inbUlye amMnaimyody Koausans. [1ob6yoosani kpuei uacy
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8102yKy ma KopeHesi mpackmopii 003804510Mb KiIbKICHO OYIHUMU MedCi CMAOLIbHOCHE Ma 8NAUS NAPAMempis
peayiamopa Ha AxKicms npoyecy pezyatoganusa. Ompumari pe3yiomamu ceiouams, wjo 3acmocysanns I11-
peaynsmopa 3abesneuye epexmusHy cmadinizayito pieHs 00U, ZHUNCYE CIMAMUYHY NOXUOKY ma Niosuuye
HaOTliHicmMb pobOMU HACOCHOT YCIMAHOBKL.

Pospobnena memoouxa moowce Oymu euxopucmana 01 ONMUMI3AYI] HANAUMYBAHL CUCHEM
ABMOMAMUYHO020 KOHMPONIO 8 2IOPAGIIMHUX MA 3POULYBATLHUX YCMAHOBKAX, 4 MAKONC O NOOANbULO2O
cunmesy pe2yisimopie i3 NOKpaujeHumMu OUHAMIYHUMY 61ACMUBOCIISMU.

Knrouoei cnosa: piseHv 600u, mamemamuune MOOENOBAHHA, 2IOPOHANIPHUN pe3epsyap, HAcCoc,
nepexiona xapakxmepucmukd, CmildKicmos, RponopYiiHO-iHMe2PanbHULL pezyisimop.

@. 8. Puc. 3. Jlim. 20.
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