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The paper proposes a mathematical model of contact interaction between the blade as the working
body of a rotary shredder of plant residues and plant stems removed from the field surface. The method of
removing such vegetation involves shredding it and scattering it over the field surface. The practical purpose
of implementing the mathematical model is to determine the minimum circular speed of the working body when
it interacts with the stems.

The mathematical model is based on the assumption that a plant stem can be modelled using Euler-
Bernoulli beam theory. To theoretically reproduce the impact pulse interaction of the blade on the stem, a load
approximation was used with delta functions having a narrow peak section. The model allows the deformation
and oscillatory processes that occur in the stem after impact by the blade of the rotating working body to be
evaluated. A solution to the Euler-Bernoulli equation for impulse impact has been constructed. The obtained
expressions for the transverse displacements of the beam axis point have a modal decomposition for impulse
impact. Since real stems have actual energy dissipation, modal damping, expressed by the corresponding
coefficient, has been introduced into the model. For the numerical solution of the problem, a truncated series is
considered: 10 modes for smooth pulses and 50 modes for very short pulses. This number of modes already gives
a good approximation of the displacement and depends on the geometry and parameters of the interacting bodies.

The result of the numerical experiment is to obtain the values of the maximum bending moments that
cause bending stress and compare them with the critical stresses that cause stem failure. For the reliability of
the results obtained, the safety factor for bending has been increased to 1.2, which will ensure guaranteed stem
failure. Based on this, the minimum speed of interaction between the blade and the stem when the breaking
condition is met was found. This speed is 8-10 m/s, at which the stems will only be broken, but not crushed.
Imposing the condition of shredding the stems into particles with a length of approximately 0.03 m, a series of
peripheral circumferential speeds of the rotary working element's blade was obtained for various ground speeds
of the machine. For example, at a forward speed of the unit of 3.0 km/h (0.83 m/s), the circular speed of the blade
should be 12-14 m/s; for a forward speed of the unit of 4.0 km/h (1.11 m/s) — 16-18 m/s; for 5.0 km/h (1.39 m/s)
— 20-22 m/s; for 6.0 km/h (1.67 m/s) — 24-28 m/s. Thus, the implementation of the mathematical model of the
interaction between the blade of the rotary working element and the stems of the plants being removed, based on
the Euler—Bernoulli beam model, allowed us to substantiate the minimum circumferential speed of the working
element for various forward speeds of the unit and the required length of the shredded material.

Key words: stem, shredding, mulcher, harvesting, bending, stress, moment, speed, rotary working
element, mathematical model, impact, energy, experiment, process, destruction, shearing.

Eq. 25. Fig. 3. Ref. 17.

1. Problem formulation

Many crop harvesting technologies involve the removal of crop tops or stalks. Typical working bodies
that perform this technological operation are rotary blade-type machines. In addition, they are also used to
clear the field surface of weeds, shred the stems of tall mowed plants, etc. Plant residue mulchers or other
simple or combined rotary machines are built on this principle. Practical experience shows that for high-quality
performance of technological operations, such working bodies must have high rotation frequencies of working
rotors, since they operate on the principle of non-supporting cutting of plants. On the other hand, the high
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angular velocity of a massive rotor means significant drive power consumption, significant loads on structural
elements, risks of resonance modes due to imbalances, etc. Therefore, the assessment of the contact interaction
of the working body of the blade with the object of destruction, based on the determination of the minimum
circular speed of the blade, is a relevant problem that is being developed in this study.

2. Analysis of recent research and publications

Many scientific works are dedicated to the issues of plant residue shredding and their incorporation
into the soil [4, 5, 8, 12, 14, 15, 17]. However, the calculation basis here relies on the principle of supported
cutting or breakage of stems, mainly of coarse-stemmed plants. As for the theory of plant mass shredding based
on the principle of unsupported (or free) cutting, various models are applied in practice [2, 3, 6, 7, 9] that utilize
specific plant properties. This makes it possible to ensure an efficient shredding process when designing
working elements and assigning them appropriate kinematic operating modes [1, 10, 11, 13, 16]. However,
analysis of the works indicates that studies related to the substantiation of parameters for flail rotary working
elements that ensure the specified conditions for grinding plant residues at a minimally sufficient rotor rotation
frequency have not been sufficiently researched or have an overly complex mathematical apparatus, which
hinders their practical application. Therefore, there is a need to develop the theoretical basis for studying the
interaction of blade rotary working bodies with plant mass in order to obtain practical calculations that will
allow the assignment of energy-saving kinematic modes of operation for such machines.

3. The purpose of the article

The aim of the work is to construct a mathematical model of the impact interaction between the
mulcher blade and the plant stem, which allows predicting the mode of its destruction and justifying the energy-
saving kinematic mode of operation of such a machine.

4. Results and discussion

To build a mathematical model of the impact interaction between the mulcher blade and the plant stem
for predicting the destruction mode, the kinematic and design parameters of the blade and the conditional
method of fixing the stem of the plant being removed must be taken into account.

To facilitate understanding of the process, we will initially analyze this interaction based on the
isolated impact of the mulcher blade on a singular stem. Then, based on this, it will be possible to complicate
the model and consider the interaction with a group of stems and a series of impacts with the beater.

To construct a mathematical model of the described interaction, we must first consider the most likely
mechanisms of stem destruction upon impact with the blade.

The first option is local shearing, in which the force of interaction has a tangential component (cutting
with slippage), and contact stress occurs at the point of impact with the blade, leading to the cutting of plant
tissue. Here, the criterion is to ensure a contact pressure value at which stresses exceeding the shear strength
condition arise.

The second mechanism of stem destruction can be brittle or ductile-plastic fracture during bending.
To achieve stem destruction by this mechanism, the impact of the blade must create a bending moment at
which stresses arise inside the stem that cause the fibres to break.

If the plant has a weak root system that anchors it in the soil, the action of the blade may pull the plant
out of the soil by its roots, and this option will be classified as the third mechanism of destruction.

The next mechanism of destruction may be the so-called cutting-chopping. In this case, the working
edge of the blade normally contacts the surface of the stem, presses into it, and makes a concentrator. As a
result, the stem loses its shape and is destroyed by compression rather than cutting. This option is typical for
blunt edges or massive blades and a short-term strong impulse.

It is obvious that the above mechanisms of stem destruction are almost never implemented in their
pure form, and therefore, in practice, stem destruction by the action of a mulcher blade is most often combined.

To implement any model that takes into account the dynamics of the interaction between the working
body and the object of impact, as well as the mechanics of destruction itself, certain assumptions must be
made.

We shall assume that the stem, as the object of influence, is a cylindrical or thin-walled rod with length
L and diameter D, and is described by the Euler—Bernoulli beam model [6].
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The stem material is isotropic and has the following parameters: Young's modulus E, density o,
ultimate normal tensile stress o , and shear stress 7; .

The mulcher has blades with a mass m that develop an initial speed 4, and form a contact surface
described by the contact area A, or the radius of the working edge.

In order to theoretically describe the impact interaction of a flexible stem with the working body of a
mulcher, it is appropriate to apply the Euler-Bernoulli beam model. Here, we consider the stem as a
homogeneous, elastic, isotropic beam with a circular or nearly circular cross-section. We assume that the plant's
root system is sufficiently anchored in the soil and that such a beam is conditionally rigidly fixed (clamped) at
its base, while the other end of the stem-beam is free. Under these conditions, the Euler-Bernoulli beam model
will adequately describe the deformed state of the plant stem under the action of an impulse shock load.

Based on theoretical calculations of Euler-Bernoulli beam theory, the transverse displacements w(Xx,t)

of the beam axis point are determined by the bending differential equation

o*wi(x,t o2w(x,t
El ai“ )+pA (2 )=q(x,t) : (1)
E —modulus of elasticity of stem material; 1 —moment of inertia of a cross-section; p —stem material

density; A — cross-sectional area; q(x,t) — distributed or concentrated external load, which depends on time.
It is evident that the load g(x,t) at the moment of impact on the stem is impulsive in nature, and the
delta function should be used to describe this process. The approximation of such a load will look like this
q(x, 1) = Ro(X—=X%)o(t—1,) )
R, —impact force pulse; x, —coordinate of the point of application of force; t, — moment of impact.
Here, the delta function §(x —x,) indicates that the external force acts only at one point — the point
of impact x =, . In physical terms, this means that x [0, I] (I — the length of the stem), and the force is
applied locally rather than distributed.
For numerical modelling, the delta function 6(x—X,) is approximated by ordinary functions with a
narrow peak region, such as Gaussian functions
2
X —
dix—&)=J%éwm{—( gﬁ)

, (3)

where ¢ - 0.

Contact force can change very quickly over time, and the impact lasts only a moment. Therefore, it is
advisable to use a similar time delta function in the analysis.
The contact force will be expressed as

P =Ro(t-1) . 4)
Graphical interpretations of the spatial delta function d(x—X,) and temporal delta function o(t —t,)
are shown in Fig. 1.

d(x — xo) 1 o(t — to)

A A

\4
\ 4

Xo X { 0

a b
Fig. 1. Graphical interpretations of delta functions: a — spatial delta function; b — temporal
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Thus, this approach will make it possible to describe impulse interaction, i.e. when the duration of
contact with the stem is significantly less than the stem's own oscillation period. The use of delta functions
indicates, however, that the force acts instantaneously at a specific point along the length of the stem and at a
specific moment in time, transferring a given impulse to it.

If the conditional beam-stem is fixed at one end and free at the other, the initial conditions will take
the form of:

a°w(l,t) o*w(l,t)
2 = 0 f 3 =
OX OX
After the stem receives an impulse of force, a wave effect occurs in it, spreading along the entire length
of the stem. This effect causes the stem to vibrate and deform. The stresses that arise in individual sections of
the stem can reach critical values, leading to the destruction of the stem tissue, for example at the point of
impact or at the base, where the bending moment will be at its maximum. If this value exceeds the critical
value of the bending moment, destruction occurs, i.e.

w(0,t)=0, 0, 0. ()

()
ox

|
MmaXZMkr:O-kr_' (6)

max

o — the bending strength limit of the stem material; y,,,, — distance from the neutral axis of the

outermost fibre of the stem.

This model allows us to evaluate deformations and oscillatory processes after the impact of a blade on
a stem. It allows us to determine the distribution of stresses along the length of the stem, as well as the energy
that the stem will absorb without breaking. However, the most practical parameter is the determination of the
critical speed or impact energy at which the stem is cut or broken. This will allow the structural and kinematic
parameters of the rotary working body to be selected for the mulching mode of operation.

We shall construct the solution to the Euler—Bernoulli equation for an impulse impact. We rewrite
expression (1) taking into account the load expression (2)

a*w(x,t) o*w(x,t)
aX4 + 2
where B, — it is a force impulse defined as jF(t)dt =P, , and the impact occurs at the initial moment

El

PA =R (x—%)o(t-1,) , (7

of time t=0 at point x =X, .
Then, for the accepted beam model, the following conditions (5) will be valid.
We shall find the eigenfunctions {¢,(x)} and the eigenvalues {/,} , which solve the characteristic
equation for a beam that is clamped at one end and free at the other.
cosh(g,1)cos(B,1)=-1. (8)

The corresponding natural frequencies will be as follows

coszﬂ:, n=12,.. 9)
PA
We shall write the eigenfunctions in non-normalized form
¢, (x) =cosh(3,x) —cos(3,X) — 7, (sinh(B,x) —sin(53,x)). (10)
where
_cosh(p,1) +cos(B,1)
" = Sinh(B.) —sin(A1)

The functions ¢, are orthogonal to stem weight pA

|
[ P24, (), (m)dx =0, (nm), (11)
0
We shall apply the approach of representing the solution to equation (7) by expanding it in modes
w(x,t) =6, (1), (X) . (12)
n=1

We substitute the obtained expression (12) into equation (7) and, utilizing the orthogonality property,
we obtain the following for each modal coordinate
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(0 ="20) 5,

b, (t) + @}, (13)

where mass of the mode

|
m, = [ pAg: (x)dx . (14)

We assume that the stem was at rest prior to the impact, i.e.,q,(07)=0, ¢,(0")=0 . Then, by
integrating the mode equation across t =0 , we obtain the velocity jump

Pogn (%)

iy s ey Pod At
6,(07)~,(0) = 22aL) or g (07 = Feal80) | (15)
mn mn
Hence, we conclude that for t >0 free oscillations arise, which are described by the expression
P
0, = 2% gin(a 1) (16)
na)n
Then, expression (12) can be rewritten in the form of
w(x,t) = Z¢n(x) Rt 09) Gin(ort), t>0. (17)
mn n

Thus, the expression for the modal expansion for an impulse impact at point x, was obtained.

For practical implementation of the task, we understand that P, — is not an instantaneous force, but a
force impulse. Then, if it is possible to establish the value of the force F(t), which has the duration of contact
At, then

Al

P = j F(t)dt . (18)
0
For numerical calculations, it is convenient to introduce normalised functions
v (X)=¢, ()1 Jm, (19)
then
sin(w,t
WO =By T (01, ) i) 20)

n

For real stems, there is energy d|55|pat|on, S0 it is necessary to introduce modal damping in the form
of a coefficient ¢,

I:’0¢n (XO)

n““d,n

wy , — real frequency (the oscillations are damped),

g, (1) = e " sin(y t) | (21)

Wy n = Wy 1_gr$ . (22)
Then the final expression for displacement will be

W(X,t)zz¢n( )P¢n( 0)e —Gn®,

" sin(ey o). (23)
For a numerical solution of the problem, a truncated series can be considered, but not less than 10
modes for smooth pulses and 50 modes for very short pulses. This number of modes already gives a good
approximation of the displacement and depends, in turn, on the geometry and parameters of the interacting
bodies.

nwd n

2
oWt W(Z(’t) and

Upon determining the displacement (23), it becomes possible to establish the curvature 5
X

the moment
°w(x,t)

M (x,t) =—El
(x.t) Ox?

(24)
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If we compare the maximum moment found |M (x,t)| with the critical value M, , we obtain a failure

criterion that allows us to predict stem failure.

After presenting the main material, we shall return to the practical objective of the work—determining
the peripheral speed of the working element's blade interaction with the stem required for its breakage. This
parameter is necessary for the technical implementation of the rotary working element.

In order to establish the minimum required rotational speed of the shaft of the rotating working body
based on the developed theoretical model of interaction, we will conduct a numerical experiment. We adopt
the following parameters: rotor radius R =0.3 m; number of blades around the drum z =4; peripheral speed

range 6...36 m/s; we shall adopt potato haulm as the primary plant mass: average stem diameter D=8 mm;

plant height above the field surface L=0.5 m; Young's modulus of the stem E =12 MPa (average value);
ultimate bending strength o,, =5 MPa; the density of the plant mass is approximately p=1000 kg/m?; the
working body — Y-shaped blade: mass m=0.2 kg; the stem damping coefficient is ¢, =0.03 [3, 9].

To determine the required speed of interaction between the working body and the stem, we use the
Euler-Bernoulli beam model. The result is obtained by comparing the maximum moment acting on the stem,
which depends on the speed of interaction, and comparing it with the critical breaking moment. For process
reliability, we introduce a safety factor for bending and set a 20% margin for process reliability

s, = Mmax 9 5 (25)

kr
Using a numerical method in the Mathcad 14 application to find the value M, as a function of the
circular speed of the flail and taking into account the accepted initial parameter values, we obtain the range of
circular speeds of the blade at which the stems of the plants being removed are destroyed. We will show a
graphical interpretation of the results obtained using the Excel application package, Fig. 2.
6 14
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Fig. 2. Dependence of the change in the safety Fig. 3. Dependence of the shredded material
factor for the bending condition on the peripheral length on the peripheral speed of the blade and
speed of the blade the forward speed of the unit

5. Conclusion

The results of the numerical experiment indicate that the following parameters of the rotary working
body are valid for the accepted initial data. At a rotor speed of 255 rpm, which corresponds to a circular speed
of the blade of 8 m/s, the safety factor for bending (25) is 1.17. The condition is not met, but the value is close
to meeting it. At this frequency, stem breakage is likely to occur, since the bending moment created by the
blade exceeds the critical moment by 1.17 times. The specified rotor rotation speed can be used mainly when
working with large-stemmed plants and only for breaking them down. Removal by shredding will be
practically impossible here. By increasing the rotor speed, the blades will have a higher circumferential speed
and, starting from 10 m/s (318 rpm), condition (25) will be reliably fulfilled. The stems will be broken by the
flails. However, in order to effectively remove 'excess' vegetation from the surface of the field or between rows
of row crops, each stem must be struck multiple times by a blade. For this purpose, it was proposed to install
four blades in the circumferential direction of the drum and set the shredded material length, for example < 3
cm. Applying the above criteria, the following calculation results were obtained (Fig. 3). The length of the
shredded material of approximately 3 cm will be achieved at a peripheral speed of the blade of 12-14 m/s at a
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forward speed of the unit of 3.0 km/h (0.83 m/s); for a forward speed of the unit of 4.0 km/h (1.11 m/s) — 16—
18 m/s; for 5.0 km/h (1.39 m/s) — 20-22 m/s; for 6.0 km/h (1.67 m/s) — 24-28 m/s.

Thus, the implementation of the mathematical model for the interaction between the blade of the rotary
working element and the stems of the plants being removed, based on the Euler—Bernoulli beam model,
allowed us to substantiate the minimum peripheral speed of the working element for various forward speeds
of the machine and the required length of the shredded material.
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MATEMATHAYHA MOJIEJIb KOHTAKTHOI B3AEMO/IIi POTAIIMHOI'O POBOYOI'O
OPI'AHY 31 CTEBJIAMM POCJIMH JIJIS IX TOAPIGHEHHS

Y pobomi 3anpononosana mamemamuuna mooenb KOHMAKMHOL 83aEMO0ii 6UIa K pobOU020 opeamy
PpomayiliHo2o noopibHI8AYA POCTUHHUX PEUmMOK 3i CMeOIOM POCIUH, WO BUOANAIOMbCA 3 NOBEPXHI NOJIAL.
Cnocib eudanenns maxoi pociuHHocmi nepeodbayac ix NoOpiOHeHHs ma PO3KUOAHHSL NO NOBGEPXHI NOJIAL.
Hpaxmuunoro memoro peanizayii mamemamuyHoi MoOeli € SUSHAUEHHSA MIHIMANLHOL KON0BOI WEUOKOCHI
Po60ou020 opeany npu 1020 83aeMO0ii 3i cmebaIoM.

Mamemamuuna modens 6azyemvcs Ha NpunyujeHi, wo cmedro DOCIUHU MONCHA MOOento8amu,
sacmocosyrouu meopito banku Einepa-bepuyni. [nsi meopemuunozo 8i0meopeHHs YOapHOI iMNYIbCHOT
83aeMO0ii Oura no cmeodry SUKOPUCTHAHO ANPOKCUMAYII0 HABAHMANCEHHS 13 3ACMOCYBAHHAM O0elbma-
@yHryitl, wo maroms 8y3bKy nikogy Oinanky. Haseoena moodenv 0o36onse oyinumu degpopmayii ma KoaugHi
npoyecu, Wo 8UHUKAOMs y cme0.li niciis yoapy ounom pomayiino2o pobowozo opeary. I1obyoosaro po3e’azok
pisnanns Einepa-bepuyni ons imnynscrnoeo yoapy. Ompumani eupasu nonepeurux nepemiujerb mouku oci
oanky mMaromes MOOATLHUL PO3KAAO 0 iMnyIbCcHO20 Yoapy. OcKinbKu peanvHi cmebia mMaome axmuune
PO3CII0BAHHSA eHepeii, MO Y MOOelb 8660€HO MOOANbHULL OeMNIHe, W0 BUPANXCEHUL 8BIONOBIOHUM KOeDiyieHmOoM.
st uucenvroeo po3e 'a3Ky nocmaeneHol 3a0aui pos3enanymo ycivenuil pso: 10 moo ons enadkux imnyavcie i 50
MOO 07151 Oyoice KOpomKux imnynvcie. Taxa KiibKicmb MO0 0de 8xce 000py anpoKCcumMayilo nepemijeHHs ma
3anexcums 6i0 2eomempii ma napamempis 63aEmMo0i0UUx mii.

Pesynomamonm uucnogozo excnepumenmy € OMpUMaHHsi 3HA4EHb MAKCUMATbHUX 32UHHUX MOMEHMIE, U0
BUKTUKAIOMb HANPYICEHHSL 32UHY MA NPOBEOEHO iX NOPIGHHHS 3 KPUMUYHUMU HANPYIHCEHHAMU, WO GUKTUKAIOMb
PYlUHyeanHsa cmebaa. [{na HadiliHOCMi OMPUMAHUX pe3yIbmamis KoeiyieHm 3anacy MiyHOCMI 3 YMOBOK 32UHY
30inbUeH0 00 1,2, wo 6yoe 3abe3neuysamu eapanmosanuii 31om cmebna. Ha ocnosi ybo2eo 3uatideno MiHiManbHy
WBUOKICMb 83a€MOOTT buna 31 cmebiomM npu GUKOHAHHI ymosu namy. Taxa weudxkicms cxraoae 6io 8-10 m/c,
npu yvomy cmedaa 6y0ymo minbKu neperamMaHumu, aie He noopionenumu. Haxnaswu ymosy noopionenmHs
cmeben Ha YacmuHKU 008xcunoto npubnusno 0,03 m, ompumano pso Korosux weuokocmel ouia pomayitiHozo
pobouoeo opeamy 01 6APIAHMIE NOCMYNANLHOI weuokocmi aspeeamy. Hanpuxnao, npu nocmynanvuii
weuoxocmi azpecamy 3,0 km/200 (0,83 m/c) xonosa weudxicme o6una nosunna ckiadamu 12-14 m/c; ons
nocmynaivHoi weuokocmi azpezamy 4,0 km/200 (1,11 m/c) — 16-18 m/c; ona 5,0 km/200 (1,39 m/c) — 20-22 m/c;
o 6,0 km/200 (1,67 m/c) — 24-28 m/c. Takum uunom, peanizayis MamemMamuyoi mooeni 63aemoolii buia
pomayitinoeo pobo1o2o opeany i3 cmedaoM POCIUH, WO BUOATAIOMBCS, Ha OCHOBI Modeni banku Einepa-bepuyni
0036071UI0 HAM OOIPYHMYE8AMU MIHIMATIbHY KOA08Y WEUOKICMb poO0Y020 OpeaHy O/i PI3HUX NOCHYNATbHUX
weuoKocmell azpezamy ma HeoOXiOHoI 008HCUHU NOOPIOHEHOT Macu.

Knrouoei cnosa: cmebno, noopionenws, Myavuysau, 30UPAHHS, 32UH, HANPYICEHHS, MOMEHM,
weuoKicmos, pomayiinuil pooouull opean, Mamemamuiyna mMooeib, yoap, eHepeis, eKxcnepumeHm, npoyec,
PYVUHYBAHHS, 3DI3Y8AHHS.

@. 25. Puc. 3. JIim. 17.
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