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The article presents the results of theoretical studies of the milk flow process in the biotechnical system
“animal — milking machine”. An analytical substantiation of the influence of pulsation parameters and the
elastic-deformation characteristics of the teat liner on milk flow intensity was carried out. The machine milking
process is considered as a complex dynamic system in which the operating vacuum, pulsation modes, teat liner
tension force, and physiological characteristics of the animal teat interact simultaneously. Bernoulli’s
equation and hydrodynamic analysis methods were used to describe milk movement through the teat canal.
The variation in milk flow rate during the pulsation cycle was described using a piecewise-continuous function
that takes into account the phases of flow increase, stabilization, decrease, and residual milk leakage. The
elastic-deformation state of the teat liner was determined on the basis of Hooke’s law and the equations of
deformable body mechanics. Analytical dependences were obtained that make it possible to evaluate the
influence of the operating vacuum, pulsation phase duration, and teat liner tension force on milk flow velocity.
Based on the results of theoretical calculations, rational operating parameters of the milking equipment were
determined, ensuring maximum milk flow intensity while minimizing mechanical stress on teat tissues. The
obtained results can be used for improving the design of milking machines and increasing the efficiency of
machine milking.

The proposed theoretical model makes it possible to comprehensively evaluate the relationship
between vacuum peacum parameters, pulsation characteristics, and the mechanical effect of the teat liner on
teat tissues. The research results can be used to substantiate energy-efficient and physiologically safe
operating modes of milking machines in modern machine milking systems.

Keywords: machine milking, milk flow, milking machine, pulsation parameters, teat liner, operating
vacuum, mathematical modeling, hydrodynamics, elastic-deformation state, teat sphincter.

Eq. 14. Fig. 3. Ref. 17.

1. Problem formulation

The efficiency of machine milking is largely determined by the coordinated functioning of the
elements of the biotechnical system “animal — milking machine”. During machine milking, the teat is
simultaneously affected by vacuum pressure, pulsation parameters, elastic-deformation characteristics of the
teat liner, vacuum fluctuations in the pulsation chamber, and the physiological condition of the mammary
gland. Therefore, the milk flow process should be considered as a complex dynamic system in which a change
in one parameter causes variations in milk flow rate, milking duration, and the level of mechanical stress on
teat tissues [1].

During the operation of the milking machine, the vacuum ensures the opening of the teat sphincter and
the transportation of milk through the teat canal. At the same time, the pulsator creates a cyclic alternation of
suction and compression phases, which provides periodic unloading of teat tissues. Insufficient vacuum
stability, improper pulsation ratio, or excessive compression force of the teat liner may lead to congestion in
teat tissues, hyperkeratosis, sphincter injury, and an increased risk of mastitis. Scientific studies indicate that
high vacuum levels in the teat canal area and significant pressure fluctuations increase mechanical stress on
tissues and worsen udder condition [2].
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It has been established that the main operating parameters determining the efficiency of the machine
milking process are the level of operating vacuum, pulsation frequency, and the ratio of suction and
compression phases. An increase in vacuum pressure enhances milk flow intensity; however, excessive
vacuum causes overload of teat tissues and may damage the teat canal. Similarly, irrational pulsation
parameters can result in incomplete closing or opening of the teat liner, thereby disturbing the physiological
milking regime. Effective pulsation should ensure an optimal alternation between milk extraction phases and
teat rest periods [3].

Particular attention should be paid to the selection of teat liner design parameters and liner tension
force. The characteristics of the teat liner determine the stability of the vacuum beneath the teat, the magnitude
of compressive force, and the intensity of mechanical action on udder tissues. Studies show that liner stiffness,
teat cup geometry, and pulsation parameters significantly affect milk flow, teat canal condition, and the risk of
mammary gland infection [4, 5].

In addition, vacuum instability and teat cup liner slips may cause reverse milk flow and the penetration
of bacterially contaminated particles into the teat canal. This is considered one of the main causes of mastitis
development when milking system parameters are improperly adjusted [6, 7].

Thus, improving the efficiency of machine milking requires a comprehensive consideration of the
relationship between operating vacuum, pulsation parameters, teat liner design characteristics, and the
physiological features of the mammary gland. In this regard, the development of a theoretical model of the
milk flow process is highly relevant, as it would allow the determination of rational operating modes of milking
equipment and ensure maximum milking intensity with minimal injury to teat tissues.

2. Analysis of recent research and publications

Theoretical studies of the milk flow process were carried out using methods of mathematical modeling,
hydrodynamics, elasticity theory, and deformable body mechanics. Such an integrated approach made it
possible to consider the machine milking process as a multifactor dynamic system in which the biological
characteristics of the animal’s mammary gland and the technical parameters of milking equipment interact
simultaneously. The research was based on the development of an analytical model of milk movement through
the teat canal, taking into account the influence of vacuum pressure, pulsation parameters, and the elastic-
deformation characteristics of the teat liner [8, 9].

During the analysis of milk movement through the teat canal, Bernoulli’s equation was used, which
makes it possible to describe the relationship between milk flow velocity, pressure differential, and the
geometric parameters of the teat sphincter. The application of a hydrodynamic model allowed the
determination of stable milk flow conditions and the evaluation of the influence of operating vacuum on milk
flow intensity. A similar approach is widely used in modern studies of machine milking processes and flow
hydrodynamics in biotechnical systems [10, 11].

To describe changes in milk flow rate during the pulsation cycle, a piecewise-continuous function was
used, taking into account the phases of flow increase, stabilization, decrease, and residual milk leakage. Such
a mathematical approximation makes it possible to adequately describe real milk extraction processes and
consider the nonuniform passage of milk through the teat sphincter during different phases of the suction cycle.
To determine the total volume of milk extracted during one pulsation cycle, the flow rate function was
integrated over time. Similar mathematical description methods are used in modeling pulsation processes and
vacuum fluctuations in milking systems [12, 13].

The elastic-deformation state of the teat liner was determined based on the equations of deformable
body mechanics and Hooke’s law. In this case, the Young’s modulus of the liner material, Poisson’s ratio,
geometric parameters of the teat liner, and liner tension force were taken into account. This approach made it
possible to evaluate the influence of teat liner deformation on changes in the internal diameter of the teat
sphincter and the magnitude of mechanical stress on teat tissues. It is known that liner stiffness and
compression parameters significantly affect teat canal condition, vacuum stability, and the risk of mastitis
occurrence [14, 15].

Based on the obtained analytical dependences, theoretical calculations were performed to determine
the influence of operating vacuum, pulsation frequency, pulsation ratio, and teat liner tension force on milk
flow intensity. Methods of mathematical analysis, numerical integration, and computer simulation were used
to determine rational operating modes of the milking equipment. Graphical dependences were constructed
using parametric analysis of functions, which made it possible to establish optimal variation ranges for the
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main operating parameters of the milking system. Similar modeling methods are actively used in modern
studies of automatic milking systems and the interaction processes between teat liners and teats [16, 17].

The use of mathematical modeling and hydrodynamic approaches made it possible to obtain a
generalized theoretical model of the milk flow process that considers the relationship between vacuum
parameters, pulsation modes, teat liner characteristics, and milk extraction rate. This provides a basis for further
improvement of milking machine designs and enhancement of machine milking efficiency.

3. The purpose of the article

To theoretically substantiate the influence of pulsation parameters, operating vacuum, and teat liner
tension force on milk flow intensity and to determine rational operating modes of the milking system.

4. Results and discussion

Theoretical studies of the milk flow process were carried out using methods of mathematical modeling,
hydrodynamics, elasticity theory, and deformable body mechanics. Such an integrated approach made it
possible to consider the machine milking process as a complex biotechnical system in which the physiological
characteristics of the animal’s mammary gland, the parameters of the vacuum regime, and the design features
of milking equipment interact simultaneously. The research was based on the development of an analytical
model of the milk extraction process through the teat canal, taking into account the influence of operating
vacuum, pulsation parameters, and the elastic-deformation properties of the teat liner. To simplify the
mathematical description of the process, it was assumed that milk is an incompressible fluid with constant
density and that the flow in the teat canal has a laminar character.

During the analysis of milk movement through the teat canal, Bernoulli’s equation was used, which
makes it possible to establish the relationship between milk flow velocity, pressure differential, and the
geometric parameters of the teat sphincter. The application of the hydrodynamic approach made it possible to
determine the conditions for stable milk flow and to evaluate the influence of vacuum pressure on milk flow
intensity. Based on the obtained dependences, the velocity of the milk flow was determined depending on the
teat canal diameter, vacuum level, and the pressure differential between the udder cistern and the teat chamber.
In addition, the influence of the geometric parameters of the teat on the nature of milk passage through the
sphincter was taken into account.

The mathematical description of milk flow rate variation during the suction phase was performed using
a piecewise-continuous function that considers the phases of flow increase, stabilization, decrease, and residual
milk leakage. Such an approximation made it possible to adequately describe the real milk extraction processes
during one pulsation cycle and to account for the nonuniform passage of milk through the teat sphincter at
different moments in time. To determine the total volume of milk extracted during one pulsation cycle, the
flow rate function was integrated over the time interval of the pulsation cycle. This made it possible to establish
the dependence of the extracted milk quantity on the duration of the suction and compression phases, as well
as on the pulsation frequency of the milking machine.

The elastic-deformation state of the teat liner was determined using the equations of deformable body
mechanics and Hooke’s law. In this case, the Young’s modulus of the liner material, Poisson’s ratio, teat liner
tension force, and its geometric parameters were taken into account. The performed analysis made it possible
to determine changes in the internal diameter of the teat sphincter under the action of compressive forces
generated by the teat liner. The obtained dependences allowed the evaluation of the level of mechanical stress
on teat tissues and the determination of conditions under which stable sphincter opening is ensured without
excessive injury to mammary gland tissues.

Based on the obtained analytical dependences, theoretical calculations were performed to evaluate the
influence of operating vacuum, pulsation frequency, pulsation ratio, and teat liner tension force on milk flow
intensity. Methods of mathematical analysis, numerical integration, and computer simulation were used to
determine rational operating parameters of the milking system. Graphical dependences were constructed
through parametric analysis of functions, which made it possible to establish the optimal ranges of variation
for the main operating parameters of the milking system. In particular, the influence of operating vacuum,
pulsation phase duration, and teat liner tension force on milk flow intensity and the stability of the functioning
of the biotechnical system “animal — milking machine” was determined.

The use of mathematical modeling methods and hydrodynamic analysis made it possible to obtain a
generalized theoretical model of the milk flow process that considers the relationship between vacuum regime
parameters, pulsation system characteristics, elastic-deformation properties of the teat liner, and milk
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extraction rate. The obtained results provide a theoretical basis for further improvement of milking machine
designs, optimization of machine milking regimes, and enhancement of the efficiency of milking equipment
operation.

The efficiency of machine milking is largely determined by the coordinated operation of the
biotechnical system “animal — milking machine”. During milking, the mammary gland is simultaneously
affected by vacuum pressure, pulsation parameters, elastic-deformation characteristics of the teat liner, and the
physiological characteristics of the animal. Therefore, the milk flow process should be considered as a complex
dynamic system in which a change in one parameter causes changes in milking rate, milk flow intensity, and
the level of stress on teat tissues.

During the operation of the milking machine, an alternating vacuum is created in the teat chamber,
which ensures periodic opening of the teat sphincter and transportation of milk through the teat canal. At the
same time, the nature of milk flow depends not only on the vacuum level, but also on the pulsation frequency,
the ratio of suction and compression phases, the stiffness of the teat liner, and the magnitude of its tension
force.

Analysis of the functioning process of the milking system indicates that the intensity of milk extraction
from the cow’s udder under the action of the milking machine can be described by the following functional
relationship:

V= g-n- Nc ) (1)

V — milk flow intensity, m3/s; g — volume of milk passing through the sphincter during one pulsation
cycle, m3/cycle; n — pulsation frequency of the milking machine, cycles/s; Nc — number of teats.

After determining the components of the right-hand side of equation (2.1), it is possible to obtain an
analytical dependence of milk flow intensity on the design parameters of the teat liner and the operating modes
of the milking unit. Investigation of this dependence makes it possible to evaluate the degree of influence of
the operating vacuum, pulsation frequency, pulsation ratio, and teat liner tension force on the efficiency of the
milking process and the stability of milk extraction.

The theoretical analysis of the process was carried out under the following assumptions:

— the pressure in the udder cistern during the active milk flow period remains constant;

— the teat cistern and the opened sphincter are considered as cylindrical channels;

—milk is regarded as an incompressible fluid with constant density;

— oscillations of the teat liner during pulsation are periodic and do not cause turbulent flow conditions.

During the study of milk passage through the teat canal in the suction phase (Fig. 1), the following
notations were adopted: Po — milk pressure in the udder cistern, Pa; P — pressure in the teat chamber, Pa; d —
diameter of the teat canal, m; v — milk flow velocity through the sphincter, m/s; L — teat length, m; Zo, Z —
hydraulic heads, m.

I 1
Fig. 1. Diagram of the interaction between the teat and the teat liner
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To determine the parameters of the milk flow, Bernoulli’s equation was applied to section 0-0, which
passes along the teat canal.

2
Zo+i=Z+£+V—, )
Pg P9 29

where p is the milk density, kg/m3; g is the gravitational acceleration, m/s2.
Let us transform equation (2) into the following form
_ 2
P,—P Lo l)_, 3)
pY g

where L=7,-Z.
The milk flow velocity can be expressed through the maximum milk flow rate Qmax and the diameter
of the teat canal
4Q
v=—T2 4
nd? @)
Substituting equation (4) into expression (3) and performing the corresponding mathematical
transformations, we obtain the dependence of the maximum milk flow rate on the pressure differential and the
geometric parameters of the sphincter
nd® [P, —P+pgL

Qe = 5 5)
It is assumed that the milk flow rate Q through the sphincter during one suction phase varies over time
according to the Heaviside function (Fig. 2):
Que (1-€7), O<t<t,,
Q(t) = Qrmax» t, <t<t, +t,,
—ka (t-ty)
o .t o+t <t<t 4+t +t,

Quac(t—t.)%, t, +t, +t <t<t, +t, +t +t,.

where ki is the growth coefficient, s™'; k; is the decay coefficient, s!; a is the curvature parameter of
the final section, s™'; t,, th, tc, ts are the time boundaries of the phases, s.

(6)

Q, m¥/s
A

Qmax o

| phase Il phase Ill phase
Flow increase Flow stable 1 Flow decrease IV phase
(sphincter opening) (sphincter (sphipcter Residusifiow
fully open) closing)

(residual milk
leakage)

\/

ts

< t, >« t >« te >« tq >

Y

T =t, +t, + t. + ty - duration of one suction stroke

Fig. 2. Graph of milk flow rate variation through the teat sphincter during the suction phase
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To determine the total volume of milk released during one cycle, expression (6) was integrated over
time

t, _ ta+ty _ _
0= Quuc =€ )dt+[ " Quudt+[" " Qe Wdt+

a ty+ty Ty +tp+te
Qe [ et | Bl syt 44,)° (1, +1,) ] =

=Q t +eik1ta_1 +Q .t + e
T NXmax | ta k max b k2 3 (7)

1

ty+tp +te ty+tp+te+ty

Qmax(x(t - tc)zdt =

_klta _
=Q,.. Hta 8 " 1+tb} +ki(e‘kzta —e‘kz(ta*t”)atg[(ta +t,+t,)° = (t, +tb)3ﬂ.

1 2
Substituting (5) into (7), we obtain

2 _ —kit, _
q:ﬂ m ta +e 1+tb +i(e_k2ta _e‘kz(ta‘*tc))_’_gl:(ta +tb +td)3_(ta +tb)3:| . (8)
4 5 K, K, 3

To determine the internal diameter of the sphincter, it is necessary to take into account the action of
the teat liner tension force on the teat surface. The pressure created by the deformation of the teat liner is
determined by the following relationship

_E,AD(D,-AD-D,) o
°  (D,+D,)D, ©
where AD is the absolute deformation of the teat liner, m; E; is the Young’s modulus of the liner

material, Pa; D, D1 are the outer and inner diameters of the teat liner, respectively, m.
From the condition of mechanical equilibrium for the teat, we obtain

pd—E, 9 (d, ~d)
P d, (10)
Cc dc
where d. is the teat diameter, m; E. is the elasticity modulus of teat tissues, Pa.
The absolute deformation of the teat liner can be represented as
_ _ |:N D2
AD=¢-D,=pn (1)

Erg(Dg—Df)

where ¢ is the relative deformation; p is Poisson’s ratio; Fy is the teat liner tension force, N; S is the
cross-sectional area of the liner.

Taking into account equations (9)—(11), we obtain an expression for determining the internal diameter
of the sphincter

d_(Ec_P)dc_d (P_Ec)2+ 4pRD, D.-D. — 4uRD,

2E, “| 4E.  aDE/(D,+D,)(D;-D})| ©  nE (Di-D?)/
Substituting the obtained dependences into the basic equation of milk flow intensity (8), we finally

obtain the generalized model of the milking process

_ 7 [P —P+pgL et -1 et _glatio) @ ’ ’
q—Zﬁ et T +k_2(e e )ttt ()

; 2 (13)
(E.—P)d, d (P-E.) . 4uF,D, ~ __ 4RD,
2E, “| 4E.  aDE/(D,+D,)(D;-D;)| ©  =E (D-Dj)

(12)

Thus, milk flow intensity is determined by the complex interaction of operating vacuum, pulsation
frequency, pulsation ratio, teat liner tension force, and the geometric parameters of the teat canal. An increase
in vacuum pressure contributes to an increase in milk flow velocity; however, excessive vacuum may cause
injury to teat tissues. Similarly, increasing the pulsation frequency improves milk extraction intensity only up
to a certain limit, after which the efficiency of the process decreases due to incomplete opening of the sphincter.

12



TexHika, eHepreTuka,

Ne 2 (133) /2026 TpaHcnopt AIIK
P Technology, energy,
~ ISSN: 2520-6168 Vol. 133, Ne 2 /2026 agriculture transport AIC
The pulsation frequency n (min™') and pulsation ratio & can be expressed through the phase durations:
60 t,+t
=, 8 = a b . (14)
t,+t, +t, +1, t. +1,

Taking into account equation (14), as well as the results of substituting experimentally determined
coefficients and design parameters of the milking system into equation (13), a rational range of operating
modes of the milking equipment was established, ensuring maximum milk flow velocity: operating vacuum
P=48-49 kPa, pulsation phases t. = 106-111 ms, t, = 435-446 ms, t. = 211-224 ms, tq = 287-296 ms, and teat
liner tension force FL=59.3-60.4 N. The theoretical curves showing the influence of these parameters on milk
flow velocity are presented in Fig. 3.

V, L/min Dependence of V on Operating Vacuum P V, L/min Dependence of V on Pulsation Frequency n

1.50

1.45 A

1.40 -

1.35 n =57.6 min™

1.30 4 8=06

Fy=60.1N
1.25 - P =52 kPa
1.20 T T : ;
48 50 52 54 56 P, kPa 50 54 58 62 66 n, min™'

V, L/min Dependence of V on Teat Liner Tension Force F V, L/min Dependence of V on Pulsation Ratio

1.50 4 1.50
AT 1.45 n = 57.6 min!

1.45 4 Fu=60.1N
1.425 1.45

1.40 - 1.35

|

1.375 130 -

1.35
1.325 1.25

1.30 1.20 - :

50 55 60 65 Fu, N 0.45 0,50 0.55 0.60 0.65 0,70 075 &

Fig. 3. Dependence of milk extraction velocity on the operating and design parameters of the milking
system

5. Conclusion

As a result of the conducted theoretical studies, a mathematical model of the milk flow process in
the biotechnical system “animal — milking machine” was developed, taking into account the influence of
operating vacuum, pulsation parameters, and teat liner tension force on milk extraction intensity. It was
established that the milk flow rate is determined by the complex interaction of the operating and design
parameters of the milking system and depends on the dynamics of teat sphincter opening. Based on the
application of Bernoulli’s equation and the relationships of elasticity theory, analytical expressions were
obtained describing milk movement through the teat canal and changes in the internal diameter of the
sphincter under the action of the teat liner.

It was theoretically proven that an increase in operating vacuum contributes to an increase in milk
extraction rate; however, excessive growth of vacuum pressure causes additional stress on teat tissues and
may negatively affect the physiological condition of the udder. It was determined that a rational ratio of
pulsation phases ensures a stable mode of milk passage through the teat canal and increases the efficiency
of the milking process.

The obtained results can be used for improving the design of milking machines, optimizing machine
milking modes, and increasing the operational efficiency of milking equipment.
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AHAJITUYHE OBIPYHTYBAHHS BILIUBY TAPAMETPIB ITYJIbCAIIIL TA JIMKOBOI
I'YMU HA IHTEHCHUBHICTb MOJIOKOBIAJAYI

Y cmammi mnasedeno pesyniomamu meopemudHux OOCHIONCeHb Npoyecy MON0K08i00aui 8
OiomexHiuHill cucmemi «meapuHa — OOinbHUU anapamy. Buxkonano ananimuune o0OIDYHMYBAHHA GNAUBY
napamempie nynvcayii ma npyscHo-0epopMayiiHux xapaxmepucmux OIUK08oI eyMu Ha IHMEHCUBHICMb
suseoennss Moaoka. llpoyec MawuHHO20 OO0IHHA PO32NAHYMO SK CKIAOHY OUHAMIYHY cucmemy, V AKill
83aEMO0iI0OMb POOOYULL BAKYYM, PENHCUMU NYIbCAYil, cuna Hamsazy Oitikoeoi 2ymu ma ¢hizionoeiuni ocobausocmi
Oitiku meapuru. /{na onucy pyxy mMoaoxa uyepes OilUKo8Ulli KaHal UKOPUCAHO pieHanHA Bepryni ma memoou
2IOpOOUHAMINHO20 aHANIZY. 3MIHY SUMPAmMu MOIOKA NPOMASOM YUKTY HYAbCAYIi ONUCAHO 3a OONOMO20I0
KYCOYHO-HenepepsHoi (yHKyil, wo epaxosye ¢hasu HapocmauHsa, cmabinizayii, cnady ma 3a1UuKo8020
sumixanHa monoka. Ilpyscrno-oegpopmayitinuii cman OiliKo8oi eymu 6U3HAYAIU HA OCHOGI 3akoHY Iyka ma
PpieHANb MexaHiKu 0eopmieHoeo mina. Ompumano aHariMuyHi 3a1eHCHOCHI, SKI 00360I10Mb OYIHUMU 6NIUE
PoOOUO2O 8AKYYMY, MPUBALOCHI (ha3 nyivbcayii ma cuiu Hamsey OTUK08oI 2yMu Ha WEUOKICHb MOIOKOBI00aui.
3a pezyromamamu meopemuuHUX PO3PAXYHKI6 BUHAYEHO pPAYIOHANbHI napamempu pooomu 00inbHO20
0011AOHAHHS, 3a AKUX 300e3NeYyEmbCs MAKCUMATbHA IHMEHCUBHICIb MONIOKOBUBCOEHH MA MIHIMI3YEMbCS
MexaHiune HABAHMANCEHH Ha MKAHUHU Oitky. Ompumani pe3yromamu MoXCyms OYmu eUKOpUCmaui 0is
800CKOHAJIEHHS KOHCMPYKYILl 00LTbHUX anapamis i ni0guuerHs eheKmueHOCmi MAUUHHO20 OOIHHSL.

3anpononosana meopemuyHa MoOenb 003601A€ KOMNIEKCHO OUIHUMU 63AEMO38 130K  MidC
napamempamu 8aKyyMHO20 PEHCUMY, XAPAKMEPUCMUKAMU NYIbCAYI] ma MeXaHiuHUM 6NIUBOM OIlIKOBOI 2ymMu
Ha mranunu Oituku. Pesynomamu Oocniodxcenns moxcymv Oymu SUKOPUCMAHi 01 OOIDYHMYGAHHS
eHepeoepexmusHux i Qiziono2iuHo Oe3neyHUX pexrcumie pooomu OOLIbHUX anapamie y Cy4acHux cucmemax
MAWUHHO20 OOIHHA.

Knrouoei cnosa: mawunne 00iHHA, MONIOK08I00aua, OOLIbHUL anapam, napamempu nyivcayii,
dilikosa eyma, pobouuil 6axKyym, MamemMamuyne MoOen08aHHs, 2i0pOOUHAMIKA, NPYIHCHO-0ehopMayitiHuil
cman, cginkmep OiUKU.
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